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Let H and K be symmetric linear operators on a C*-algebra 21 with domains 
D(H) and D(K). H is defined to be strongly K-local if w(K(A)*K(A)) = 0 implies 
w(H(A)* H(A)) = 0 for A E D(H) n D(K) and o in the state space of 21, and H is 
completely strongly K-local if H @ 1” is K @ “I,-local on B @M, for all n > 1, 
where II” is the identity on the n x n matrices M,. If ?I is abelian then strong 
locality and complete strong locality are equivalent. The main result states that if r 
is a strongly continuous one-parameter group of *-automorphisms of ‘21 with 
generator 6, and 6 is a derivation which commutes with r and is completely 
strongly &-local then 6 generates a group a of *-automorphisms of ‘II. Various 
characterizations of a are given and the particular case of periodic r is discussed. 
‘c 1984 Academic Press, Inc. 
INTRODUCTION 
Let ‘u be a C*-algebra, t; t E iR H r, E Aut ‘u a strongly continuous one- 
parameter group of *-automorphisms of ‘It, and 6 a norm-closed, norm 
densely defined (symmetric) derivation of ‘8 which commutes with r, i.e., 
A E D(S) implies r,(A) E D(6) and 6(r,(A)) = t,(@t)) for all t E IR. Our aim 
is to give conditions on 6 which ensure that it generates a group of *- 
automorphisms. The comparable problem with r replaced by a representation 
of a compact abelian group has been considered by various authors (see, for 
example [B-E, B-J, B-J-K-R, G-J] and the references contained therein). 
One relevant condition is that 6 is zero in restriction to the fixed point 
algebra ?I” of r (see, for example, [B-J, Theorem 5.1 I). One can show, 
however, that the condition &?I”) = 0 is not sufficient for 6 to be a generator 
when r represents a noncompact group of automorphisms such as IR (see 
[B-J, Example 6.51 and Example 2.3 below). One reason for this is that the 
condition s(?I’) = (0) in the compact case forces 6 to be tangential to the 
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orbits of the r-action. But in the noncompact case the orbits are not 
necessarily closed and the fixed point algebra VI’ does not give enough infor- 
mation about the orbits. We remedy this by replacing the fixed point 
condition 6(V) = {0} by a stronger condition of “locality” of 6 with respect 
to the generator 6, of r. 
In Section 1 we begin by defining and discussing various notions of 
locality of one operator with respect to another. Similar ideas have 
previously been used by Batty [Bat l] in the context of abelian C*-algebras, 
and there is also a relationship with the notion of a local operator used by 
Berg and Forst [B-F]. 
In Section 2 we present the principal results pertaining to the action r of R 
and in Section 3 we consider the simpler situation that r is periodic, i.e., t is 
a representation of the circle group 8. In this latter case the fixed point 
condition @I”) = (0) is equivalent to a locality property of 6 and this 
indicates that locality conditions are natural for problems of the type under 
consideration. 
1. LOCALITY CONDITIONS 
Let H and K be norm-closed, linear operators on a C*-algebra ‘?I and let 
B = D(H) n D(K). Then H is defined to be strongly K-local if 
o(K(A)* K(A)) = 0, 
implies 
o(H(A)* H(A)) = 0 
for each A E G and w E E,. Here E, denotes the state space of ?I. (The 
definition would be unchanged if E, were replaced by the set P, of pure 
states.) 
This definition is most easily understood for abelian algebras. If 
‘u = C,(X), the continuous functions over the locally compact Hausdorff 
space X, which vanish at infinity, then H is strongly K-local if, and only if, 
W-)(x) = 0, 
with fE C,,(X) f7 G@ and x E X, always implies 
W-)(x) = 0. 
In this latter form the locality condition occurs in [Bat 11. 
In the sequel we also need the concept of complete locality of H with 
respect to K. 
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The operator H on the C*-algebra 2l is defined to be completely strongly 
K-local if H @ 1, on 2I @ M, is strongly K @ ll,-local for all n = 1, 2, 3,... . 
Here M, denotes the C*-algebra of all n X n-matrices and 1, is the identity 
inM,. 
If VI is abelian the situation is particularly simple. 
PROPOSITION 1.1. If U is abelian then the following conditions are 
equivalent: 
1. H is strongly K-local, 
2. H is completely strongly K-local. 
Proof. Condition 2 implies Condition 1 by definition. To establish the 
converse consider the condition 
w((K 0 1,,)(A)*F 0 1,)(A)) = 0 (*> 
with A E G9 @ M, and w a pure state over ‘110 M,. Now A can be identified 
as an n X n-matrix whose elements A, are continuous functions over the 
spectrum X of 9I. With this identification (*) takes the form 
n I n 12 
x / I?1 K(Aij)(X) Cj 1 = 03 
i=l 
where cj E C and x E X because any pure state on ‘u @M, is the tensor 
product of a point measure on X and a vector state on M,. But this 
condition is equivalent to 
+ K(A,)(x) cj = 0 
j=l 
for i = 1, 2,..., n, which is in turn equivalent to 
for i = 1, 2,..., n. But since H is strongly K-local this implies 
for i = 1, 2,..., n, and by reversing the above argument one concludes that 
w((HO 1,)(A)*WO ~.)@))=O. 
Thus H is completely strongly K-local. 
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It is also possible to deduce complete locality from a global locality 
property, which is weaker than locality, together with a commutation 
property of H and K. This is of particular interest because if H and K are 
derivations the converse is also valid (see Theorem 2.1 below). 
PROPOSITION 1.2. Let H and K be norm-closed symmetric operators on 
the C*-algebra ‘LI. 
If H is globally K-local in the sense that w(K(A)* K(A)) = 0 for all 
A E @ and some cu E E, implies w(H(A)* H(A)) = 0 for all A E SJ and if 
H(A) K(B) = K(A) H(B) 
for all A, B E g then H is completely strongly K-local. 
Proof. Identify ‘u with its universal representation, and let R denote the 
corresponding representation space. Complete strong K-locality of H is then 
equivalent to the statement that 
5 K(B,) Qi = 0, BiEQ, QiExy 
i=l 
implies 
’ H(Bi) Qi = 0. 
,T, 
But the symmetry of H and K and their commutation relation give 
K(Aj) n,, ~ H(Bi) ni) = ~ ~ (.n,, K(A,i*) H(Bi) pi) 
i=l j=l i=l 
= -f i (,nj, H(Aj*) K(B,) Qi) 
.j=l i=l 
= ( -f H(A,) Qj, i K(B,) R’i = 0. 
,j=l i=l 
Therefore it suffices to prove that H(G2)R E K(G3)Z. But if 4 1 K(G?).R 
then K(g) 4 = 0. Hence H(G’) = 0, by the global K-locality of H, and 
$ I H(GFJ)S+’ because 63 is symmetric. 
In the next section we establish that complete strong K-locality of an 
operator H implies that H = LK for some linear operator L. The following 
proposition is a result of this same nature which easily extends to more 
general ordered Banach spaces. 
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PROPOSITION 1.3. Let H and K be linear operators on the C*-algebra U 
with D(H) = D(K). If o(K(A)) = 0 implies w(H(A)) = 0 for each A E D(H) 
and o E E, then H = AK for some A E C. 
Proof: First set @ = D(H) = D(K). Since the kernel of the map 
A E 22 ++ o(K(A)) E G is contained in the kernel of the map A E g tt 
o(K(A)) E C there exist A, E C such that 
on @. Now by linearity one obtains 
Therefore if w, 0 K and w2 0 K are linearly independent one deduces that 
A,, = Ao2. Next assume that w1 0 K and w2 0 K are linearly dependent but 
VI* 0 K is not one-dimensional. One may then choose an wj such that w3 o K 
is linearly independent of wi 0 K and w2 o K and deduce by the above 
argument that A,, = AU3 = IzW2. Finally if ?I* o K is one-dimensional one has 
woK=c,v for some c,EC and qE:E, and woH=I,c,q for all 
w E E,. Therefore w ct c, and w I--, IzWc, are linear maps and it follows 
that A, = J. is independent of w. Thus in all three cases H = AK. 
There is a weaker form of locality which has been used by Batty [Bat 1 ] 
in the context of abelian C*-algebras. 
Let H and K be norm-closed linear operators on a C*-algebra VI. Then H 
is defined to be weakly K-local if 
w(H(A ) * H(A)) # 0, 
for some A E g = D(H) n D(K) and w E P,, implies the existence of a net 
w, E P, such that 
w&W)* K(A)) f 0 
and w, + w in the weak*-topology. 
If ‘ZI = C,(X) is abelian this property can be easily re-expressed in terms of 
support properties of functions in VI; the operator H is weakly K-local if, and 
only if, 
for all functions fE GZ E C,(X). 
Clearly strong locality implies weak locality and there is also an inter- 
mediate concept which is potentially useful in the context of dissipations and 
automorphism groups. 
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Let K be the generator of a strongly continuous one-parameter group r of 
*-automorphisms of the C*-algebra and let H be a norm closed, norm 
densely defined, linear operator on B which commutes with r. Then H is 
defined to be K-local if 
dK(r,@ 1) * K(r,V 1)) = 0 (*) 
for all t in an interval [0, E), then 
u(H(A)” H(A)) = 0 
for each A E D(H) nD(K) and w E E,. Similarly H is completely K-local if 
H@ 1, is K@ l,-local on 9I@M,. 
Note tirst that strong K-locality of H implies K-locality. Second, remark 
that K-locality implies weak K-locality. (This latter implication follows 
because if weak K-locality is false then there is an A E: g and an LU E P, 
such that w(H(A)* H(A)) # 0 but w,(K(A)* K(A)) = 0 for all w, in a 
weak*-neighborhood of w. In particular 0 = (rl 0 o)(K(A)* K(A)) = 
W(r,V I* Kr,@ 1)) f or all t in some open neighbourhood of the origin and 
hence K-locality is false.) Third, note that (*) implies 
o(K(r,(A)-A)*K(t,(A)-A))=0 
and hence if A E D(K*) 
o(K*(A)* K*(A)) = 0. 
Thus all powers K”, n = 1, 2 ,..., of K are K-local. 
If U is abelian and H is a derivation then strong locality and locality are 
equivalent, by Proposition 2.2 below, but in general they are distinct from 
weak locality, by Example 2.4. Nevertheless if t is periodic all three concepts 
coincide, by Theorem 3.5. 
2. GENERATORS 
In this section we return to the problem discussed in the Introduction, the 
generation problem for a derivation commuting with an action of R. 
THEOREM 2.1. Let %!I be a C*-algebra, s a strongly continuous one- 
parameter group of *-automorphisms of U with injmitesimal generator a,,, 
and 6 a closed *-derivation of ‘?I. 
Set B = D(6) f7 D(S,), and let ~3~ be the ideal 9,, = ‘I@,(~) ZI in VI. 
Further let Z& be the pure state space of A?,,, viewed as an open subset of the 
pure state space P, of U and T* the action induced by 5 on P,. Identifv ‘u 
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with its universal representation, and denote the corresponding representation 
space by Z. 
The following implications are valid, 
10203x=4, 
and each of the conditions 1, 2 or 3 together with the condition 
(centre M(,~o))‘(D(G) fl 30) C D(S) (*I 
is equivalent to 4, where I@??‘,,) is the multiplier algebra of ,-go. The 
conditions 1, 2, 3 and 4 are: 
1. a. 6 commutes with z, 
b. 6 is completely strongly &-local. 
2. a. 6 commutes with z, 
b. 6 is globally &local, i.e., if ok is a state such that 
4MA)* &(A)) = Of or all A E SF, then w(&A)* 6(A)) = 0 for all such A, 
c. 6(A) 6,(B) = 6,(A) 6(B) 
for all A, B E Q?. 
3. There exists a selfadjoint operator L on the subspace C900;X of ,F, 
with the properties: 
a. .C@&?+ is a core for L and 
for allAE!Z, 
6(A) = Lo,,(A) 
b.’ is an unbounded multiplier on .9,, , i.e., 
Lx1, c C&, 
c.’ L is affiliated to the center of the multiplier algebra of 2S0, i.e., 
LB< = BLr 
for all < E D(L), B E 9,, , 
d. L is t-invariant in the sense that 
r,(LB) = Lr,(B) 
forallBE%‘,,, 
e. G is a globally z-invariant core for 6. 
’ This does not mean that L is an unbounded multiplier affiliated with the center in the 
precise technical sense of [Baa], although it can be shown a posteriori that L defines such a 
multiplier. 
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4. a. 6 is the generator of a one-parameter group a of *-automorphisms 
Of% 
b. There exists a continuous, real-valued, r:-invariant function I on 
pa0 such that 
for all t E R, w E P,, A, B, C E VI. 
ProoJ We prove 3 * 2 * 1 * 3 =+ 4 = 2. 
3 S- 2. By 3a, d and e one has 
r( w ) = &r,(A >I 
for A E (i’, and hence 6 commutes with r by closure. If 6(A) = L6,(A) for all 
A E GJ:, and v is a vector in ,X such that 6,(A) v = 0 for all A E G, then 
6(A) w = L&,(A) v = 0 for all such A. Thus 3a * 2b. Furthermore if 3a and 
3c are valid then 
for allA,BEG?. 
2 3 1. This is a special case of Proposition 1.2. 
1 3 3. Let A i,..., A, be a finite sequence of elements in G’, and 
r , ,..., &, vectors in .E Condition 1, applied to the element 
in ‘u 0 M, and the vectorstate w defined by the vector 
20 
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implies 
i d(A,)(,=O. 
k=l 
Thus, we may consistently define an operator L on D(L) = &,(a) Rby 
L c (tdA k) tk 
k 
= ; ‘@k) tk 3 
for all finite sequences {Ak} in kd and (rk} in A? 
OBSERVATION 1. gD(L) s D(L) and 
LAl = AL< 
for all A E g and < E D(L) 
Proof. The derivation property 
A&(B) = &(AB) - 6,(A) B, 
which is valid for A, B E C3, implies that GSD(L) c D(L). Furthermore, if 
A,BEg and #E&“we have 
LA&(B) 4 = LG,(AB) 4 - L&(A) B# 
and the observation is established. 
OBSERVATION 2. 
LD(L) G D(L) and 
The operator L is symmetric in the sense that 
L G L * as an operator on the subspace X0 = 6,(23)R 
of 27 Furthermore LA< = AEc for all A E 3, < E D(E). 
=~(AB)+~(A)B# 
=A6(B)# 
= AL&,(B) $3 
Proof. Let G?,, be the *-subalgebra of G3 generated by elements of the 
form 
B = TAA) = ja, dtf(t) tl(A), 
-cc 
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where fE Cp(lR) and A E D(6). Since 6 is closed and commutes with r, a 
standard argument, [Bat 1, Lemma 6.21, shows that .%JO is a joint core for 6 
and 6,. The identity 
4(q@ >> = - Q@ > 
then establishes that S,(gJ G GO. 
Let L, be the restriction of L to 6,(GZ0)Z. It follows from Observation 1 
that 
IL,, A] 42(B) = 0 
for all A, B E aO, and in particular 
[Lo. &(A)1 k,(B) = 0 
for all A, B E go. Since 6(A)* = 6(A *) we have 
(44 > w, 40) 4) = (w, @ *) h@) $1 
for allA,BE930, I+v,#E~;%~ and thus 
(L,h,(A) w, h@) $I= (w, 4, &(A *)4@) 4). 
But as 
L&,(A *> &(B) = &(A *> Lob@) = &(A)* L,&(B), 
it follows that 
Thus L, s L,f, i.e., L, is symmetric and hence closable. Since 9, is a joint 
core for 6 and a,,, the relation 
extends by closure from A E 9,, to A E Q. It follows that z,, is an extension 
of L, and as L, G L we have that L is symmetric with closure zO. It now 
follows by closure, from Observation 1, that LA< = AEt for all c E D(E) and 
AE’U=a. 
It remains to show that LS,(GZ)R E S,(@)ZV = <PO. But if 
r E (&(93)X)‘, we have S,,(a) r= 6,,(a)* r = (0). Thus La,(@) { = {O}, 
and as L is symmetric and commutes with s,(G) c ‘u we deduce that 
< E (L&(G) 2)‘. Thus L&(g) oP c t& . 
From now on we identify L with its closure L. 
OBSERVATION 3. S(Q) Lz 6&q m,(2). 
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Proof. The space 6,,(g) VI&,(@) is a closed, hereditary subalgebra of 2l, 
and thus if BE ‘u, then B E 6,,(g) 2I6,(G9) if, and only if, 
w(B*B) = o(BB*) = 0 for all states w such that o(&(@) 2IuS@)) = {0) 
[Ped]. But since 6 is strongly &-local Observation 3 follows immediately. 
OBSERVATION 4. LA?,, G 9’,, . 
Proof We have 
L6@) = qq G 6@) US@) 
L ‘u6@) %6,(Gq 2I 
= m@q’u = q) 
by Observation 3. But if A, C E ‘11, B E @ it follows from Observation 2 that 
- - 
LA&(B) C = AL&,(B) C = Ad(B) C E W,, ‘2( c ~8’~ , 
as AFO is an ideal. Hence 
L90G.90. 
OBSERVATION 5. L is self-adjoint and is affiliated with the abelian von 
Neumann algebra 9; TI 39; as an operator on X0. 
Proof. The derivation property, 
A&,(B) = &(AB) - &(A) B, 
establishes that X0 is invariant under @ and hence under A?,,. Now 
for all {E D(L) and A E A?,,, by Observation 2. But if A’ E 9; and A E ZSO 
we have LA E 9,, by Observation 4. Hence 
A’LA = LAA’ = LA’A. 
But since ~8~2 is a core for L it follows by closure that 
LA’r = A’Lr 
for all A’ E 58; and c E D(L). Therefore the operator L is affiliated with 
A?/,’ n 57;. Since L is symmetric and closed, it follows from [Seg, Sto] that L 
is self-adjoint. 
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We have now established 3a, b and c. Condition 3d follows immediately 
from b, c and the r-invariance of 6: 
for all A, C E ‘?I, B E 22. 
Condition 3e follows from la. This ends the proof of the equivalence of 
1, 2 and 3. 
3 3 4. We will need the following: 
OBSERVATION 6. If f is a continuous bounded real function on R, then 
i.e., f (L) is an element in the center of the multiplier algebra of SO. 
ProoJ: Assume that A = A * E ,dO, and let $9 be the C*-algebra 
generated by A, LA and all bounded continuous functions of L. Then F is 
an abelian C*-algebra. Let g z C,(X) be its spectral representation and let 
A cf g(x), LA ++ h(x), f (L) H f (I(x)) be the spectral representatives of A, LA 
and f(L), for all f E C,(R). If W = {x; g(x) # 0}, then W is open in X and 
l(x) = h(x)/g(x) for x E %, But then 
I f ($+I g(x) for xEW .fv(x)) &T(x) = 0 for x @G F 
and it follows from the Stone-Weierstrass theorem that f (I(x))g(x) is 
contained in the C*-subalgebra of C,(X) generated by g and h. But this 
means that f(L) A is in the C*-algebra generated by A and LA, and this is a - 
subalgebra of 9x Thus f(L) A E 9’0. It follows by linearity and closure 
that f(L) J?,, E 9,, . (The general theory of unbounded multipliers [Baa] 
does not imply this result immediately.) 
Let P, be the space of pure states on ‘u, and let w E P,. As S,, is an ideal 
of ‘u there are two possibilities. Either o I9 =O, or (]w ],9,i] = 1 [Dix, 
Propositions 2.11.7, 2.11.81. We thus have the [dentifkation pSO= {w E P,; 
II OJ I 8, II = 11, and %,, is an open subset of P,. 
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OBSERVATION 7. There is a continuous real function w E %8’S, w w(L) on 
%& such that 
@(LA) = w(L) w(A) 
for A = 3’,, and o E %&,. Furthermore 
w(f(L)A) =f(wW)) 44) 
for A E .W,,fE C,(lR) and UJ E ?Y8,, and 
o(f(L) A) = o(A) = 0 
for A E 9,, and w E Pll\Z!60. 
Proof: Assume w E %‘&. Then w defines an irreducible representation 7c, 
of VI. If J2 is a vector in R such that w(A) = (~2, Al?), then z, identifies with 
the sub-representation of the universal representation on W2 = .9$. But 
L590B G D(L) and L is self-adjoint and affiliated with 9; n 9;. It follows 
from irreducibility that there is a real scalar w(L) such that 
LBR = w(L) BQ 
for B E LS,,. But then 
w(LB) = w(L) w(B) 
It follows from spectral theory that 
f(L) BQ =f(w&)) BJ-J 
for fE C,(W), B E 9,,, and hence 
w(f(L) B) =f(w(L)) w(B). 
If w0 E 22&, pick an A E S’,, such that w,(A) # 0. But then the relation 
w(LA) w(L) = ___ 
w(A) ’ 
valid for w in a neighbourhood of w,,, shows that w ~--t w(L) is locally 
continuous and hence continuous on Z&. 
If w & P8/so, then w ISO= 0. and as f(L) A E .9,, for fE C,(R) and A E S,, 
it follows that 
w(f(L)A) = 0 = w(A). 
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OBSERVATION 8. k6 are dissipative as operators on the selfadjoint part 
of DC& 
Proof. As 6 is closed with core g, it is enough to prove the above 
assertion on g. If A = A * E g, pick a pure state w with 1 w(A)1 = JIA /I. Then 
iw(G,(A)) = 0 since 6, is the generator of a positive one-parameter group of 
isometries. But from Observation 7 
*0(6(A)) = *w(L) w(6,(A)) = 0, 
i.e., k6 are dissipative. 
OBSERVATION 9. IffE C&T?) A E D(8,) n A?,, thenf(l) A E D(S,) and 
4l(f(~)~) =.I-&) 40). 
Proof. We havef(L) A E .gO 5 2I by Observation 6, and 
~,uv)~) =f(L) r,(A) 
as a consequence of condition 3d. Since the right hand side is differentiable, 
the left hand is also differentiable and 
Now let f, be the function 
for x>n 
for -n<x<n 
for x<-n 
and put 
for A E D(S,). Then the 6, are *-derivations, and G, are dissipative by the 
reasoning in Observation 8. Replace each 6, by its closure. If A is analytic 
for 6, one has from Observation 9 
hence 
and the analytic elements A(6,) for 6, are also analytic for 6,. 
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It follows that each 6, is the generator of a strongly continuous one- 
parameter group a: W) of *-automorphisms of ‘u [B-R, Chap 31. Furthermore, 
as 
for all A in the joint set A(&) of analytic elements, it follows that the groups 
czcn) commute: 
a( = a’m’ (n) 
I s s at 
for all t, s E IR ; in, n = 1, 2 ,... . 
Next if A E G9, we have 
6(A) = Ld,(A) = ,‘irr f,(L) 6,(A) = pr 6,(A) 
by a spectral argument similar to that in the proof of Observation 6. Hence 
the identity 
$“(A) - aj”‘(A) = ,f ds a~“‘~;~~@~ - 6,)(A)), 
0 
valid for A E D(6,), shows that 
q(A) = lim a:“‘(A) 
n-m 
exists for all A E ‘u, uniformly for t in compacts. Then aI is a strongly 
continuous one-parameter group of * -automorphisms of 2l, and its generator 
6’ is the graph limit of the 6,. Since Q is a core for 6, it follows that 6’ is an 
extension of 6. At this point we must use the extra condition 
(centre M(.JZ?o))‘(D(6) f7 <go,> 5 D(S) (*I 
to prove that 6 = 6’ (the first example in Remark 5.2 of [B-E-E] shows that 
one may have 6 $L 6’ if (*) is not assumed). This is done as in the end of the 
proof of Theorem 5.1 in [B-E-E]. 
As a and r commute, the *-algebra .d of joint entire analytic elements for 
the two groups is dense in ‘8. If B E .&’ we have 
e’S(B) = F 5 P(B). 
“ZO n. 
If o E Pa0 we have 
w(AG(B) C) = w(L) w(AG,(B) C) 
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for all A, C E U, B E g, by Observation 7. (This is immediately true for 
A, C E 9’,,, but 9,, is o-weakly dense in ‘?I in the representation defined by 
w.) Iterating this relation, together with 3d, one obtains 
o(Ae”(B) C) = L G @w(L))” n, 4@(B) Cl 
n=0 
and this extends by closure to all A, B, C E ‘?I. 
If w E P?l\%‘80, then o annihilates 5Yo = do(G) and hence w(AG,(B) C) = 0 
for all A, C E ‘?I, B E !Z. Since 6 is strongly 6,-local a simple argument then 
establishes o(AG(B) C) = 0 for all A, C E ‘11, B E 5’. Repeating the argument 
above for B E -d gives 
w(Ae”(B) C) = o(ABC). 
This establishes 4b, with I(o) = m(L). 
4 * 2. As 1 is r:-invariant one has 
a: 7,*(w) = 7 /&d,r7%W 
= 7h,,7?(~) 
= 7*7:&&d .T 
= 7; a,“(W) 
for u E Pa”, whilst 
a: 7,*(W) = 0 = 7,* nf(o) 
for w E Pll\Fao. It follows that a and 7 commute, and hence 6 and 7 
commute. 
IfA,CE~,BE~aandwE~~owehave 
w(AG,(B) C) = fim o(A(r,(B) -B) C)/t 
4AW) C> = f’y 447,,,,,(B) -B) W 
and hence 
o(AG(B) C) = I(w) w(AG,(B) C) 
by the chain rule. If w E Pw\F2& then 
w(Ad(B) C) = 0 = w(Ad(B) C). 
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Thus, if we define l(o) on PpI\&& by l(o) = 0, we have 
w(w)* 4‘4)) = l(w)* ~@o(~)* 4#)) 
for all A E Q, w E P,. But as {w EE,; w(&(A)* &(A)) = 0) is a closed 
face in E,, it follows from the Krein-Milman theorem that 6 is globally a,- 
local. Also since 
for all w E P,, A, B E g it follows that 6(A) 6,(B) = 6,(A) 6(B). This ends 
the proof of 4 * 2 and the proof of the theorem. 
Theorem 2.1 can be simplified, and strengthened, if 2l is abelian. 
Proposition 1.1 established that complete strong locality is equivalent to 
strong locality for general operators but in the present context strong locality 
is equivalent to locality. This follows from the arguments of [Bat l].* 
PROPOSITION 2.2. Let 2l= C,(X) be an abelian C*-algebra with 
spectrum X and t a strongly continuous one-parameter group of *-auto- 
morphisms of ‘u with infinitesimal generator 6,. Further let 6 be a norm 
closed derivation of ‘?I which commutes with z. 
The following conditions are equivalent: 
1. (1’) 6 is (completely) 8,-local, 
2. (2’) 6 is (completely) strongly &-local. 
Proof 2’3 l’* 1 and 2 + 1 by definition. But 2 G 2’ by 
Proposition 1.1. Hence it remains to prove that 1 + 2. 
13 2. If fE GJ = D(S) n D(S,) and S,(f)(x) = 0 one must show that 
4f >(x> =0. 
First suppose that x is a fixed point of the one-parameter group of 
homeomorphisms S of X corresponding to r. Then 
kd7,f )(x) = wwtx) = &(f)(x) = 0 
for all t E R and hence d(f)(x) = 0 by 8,-locality of 6. 
Second suppose that x is not a fixed point of S and choose E > 0 small 
enough that t ++ S,x is a homeomorphism for -3~ <t < 3.5 Set 
1, = {S,x; --E < t < E}. Next choose g E B such that g > 0 and 
‘w,x) = 
i 
:, 
for E < t< 3.5 
for -3&G,<--&. 
’ We are indebted to Charles Batty for pointing this out to us and for completing the proof 
of Proposition 2.2. 
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This is possible by functional calculus of the domains of the closed 
derivations 6 and 6, (see, for example, [B-R, Sect. 3.21 or [Bat 1, Sect. 21). 
Setting 
f= 2E c dt rt( g> -26 
it then follows that SE G:, and t E [-E, E] F-+ g(S,x) is a strictly increasing 
C’-function. Moreover 
4dm) = kWW2,= 1. 
Now it follows that there exists an h E C’(lR) such that 
(f- h o i)(Y) = 0 
and 
4u- h o k>(Y) = 0 
for all y E I,. Therefore 
S(f- h 0 &f)(x) =‘o 
by 8,Jocality. But then 
&f)(x) = w o k?)(x) 
= A’( &)I 4 ‘i)(x) 
and 
Thus 
w-)(x) = 4l(h o k!)(x) 
= h’(gqx)). 
W)(x) = &D-P) &k?)(x) = 0, 
and the proof is complete. 
COROLLARY 2.3. Let ‘u = C,,(X) be an abelian C*-algebra with 
spectrum X and t a strongly continuous one-parameter group of *-auto- 
morphisms of ‘u with infinitesimal generator 6,. Further let S, denote the 
one-parameter group of homeomorphisms of X corresponding to T, i.e., 
(r,f>(x> =f(S,x), j-E C,(X), x E x, 
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and let Pa0 be the open S-invariant set of x E X such that there exists an 
f E D(S,) with S,(f)(x) # 0. Finally let 6 be a norm closed, norm densely 
defined, symmetric derivation on %. 
The following two conditions are equivalent: 
1. a. 6 comutes with T, 
b. 6 is &-local. 
c. C&,J=W> n Co(%,,)> G D(S) 
where C,(W,O) denotes the t-invariant bounded continuous functions on ?/6c,, 
and C,@80) is identt>ed with the functions in C,,(X) which vanishes 
outside P&. 
2. a. 6 is a generator, 
b. there exists a continuous real-valued S-invariant function 1 on &&,, 
such that the Jlow T, defined by exp(t6) on X is given by 
T,(x) = 
i 
%x&) if xE?Yao 
X if x E x\q 
This is an immediate consequence of Propositions 1.1, 2.2, and 
Theorem 2.1. 
Remark. The proof of the orbit structure of the group generated by 6 in 
Theorem 3.2 of [G-J] is incomplete because the joint continuity of the map 
t E IR, x E X H T,x is only established at t = 0. The proof can be completed 
by the argument used to prove 3 * 4 in Theorem 2.1. 
Assume that 2l is abelian and 6 commutes with r. Although the concepts 
of locality and strong locality coincide Example 6.5 of [Bat 1 ] shows that the 
property of weak locality is distinct. By elaborating this example one can 
deduce that weak locality does not imply that 6 is a generator. 
EXAMPLE 2.4. Let X = [0, 1 ] x ]O, 1 ] be the unit square. Further let a 
be a continuous function over [O, 1 ] such that a(x) > 0 for 0 < x < 1, 
a(O)=O=a(l), and 
“1 
J 
1 
dx -<+cQ. 
0 44 
Next define functions g and h on X as 
g(x y) = \ infW)5 x/Y 1 
2 
if O<x<+ 
/inf{a(x), (1 -x)/y} if 4 <x < 1 
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for y # 0, and 
.!?(A 0) = 4x>, 
h(x, Y> = Y&Y Y>. 
Now g, and h, are continuous functions on X and hence 
(wxx, Y) = h(& 4’) g (4 Y> 
(a-)(x, Y) = g(x, Y) ; (x3 Y> 
are well defined, norm closed, symmetric derivations of C(X). Moreover 
since 
1 .&dx 
‘0 
for all y, 6, is the generator of a flow in the x-direction [Bat 21. (These latter 
conditions ensure that a point in the interior (0, 1) x [0, 11 of X never hits 
the boundary.) But since 
I 
1 
“dx-- 
.I 
J 
1 
g(x, 0) < +co7 
dx -<++co 
-0 I-6 dX> 0) 
6 is not a generator (because the point (x, 0) hits the boundary in a finite 
time). Now g is proportional to h on each orbit and hence S commutes with 
the flow defined by 6,. Moreover as g and h have the same closed support 
one easily verifies that 6 is weakly Jo-local. But as g(x, 0) # 0 and 
h(x, 0) = 0 when 0 < x < 1 the derivation 6 is not (strongly) &local. (in fact 
6, is strongly B-local.) 
The next example shows that for non-abelian ‘u strong locality is 
sometimes sufficient for the generation property, but locality and strong 
locality are not necessarily equivalent. 
EXAMPLE 2.5. Let ‘u be the CAR algebra over a Hilbert space R (see, 
for example [B-R, Chap. 5]), K a self-adjoint operator on A, and r a *-auto- 
morphism group on ?I such that 
r,(a(f)) = a(e’“‘f). 
Thus the generator 6, of t has the property that 
~o(4.f1) = 4Wh fE WK). 
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Next let H be a closed symmetric operator on R and 6 a derivation on ?I 
such that 
Wf>> = 4Wf)~ fe WO 
We assume that B = D(H) ~7 D(K) is a joint core of H and K and argue 
that if 6 is strongly &-local then H = AK for some I E R. Hence 6 generates 
the group t ct t*\,. Note that for this argument we do not assume that 6 
commutes with r. 
To prove this result consider the (pure quasi-free) states may over 2l such 
that 
Q44* 4h)) = I(& w 
with g E R and 11 gll = 1. Thus forfE 62 
Hence the strong locality condition states that if (g, Kf) = 0 then 
(g, Hf) = 0. But this is equivalent to HfE (Kf}” = GKf, i.e., Hf = l(f)Kf 
for some L(f) E R. But by a linearity argument similar to that used to prove 
Proposition 1.3 one concludes that L(f) is independent ofJ Thus Hf = AKf 
for some L E R and alIfE 22. Since G2 is a joint core it follows that H = AK. 
If H = AK it of course follows that 6 is strongly &local. Therefore these 
two conditions are equivalent. 
A similar analysis of S,-locality of 6 shows that 
(g, KeiKff) = 0 
for SE G8 and all small t must imply that 
(g, W-> = 0. 
In particular if A is finite-dimensional this condition implies that (g, Hf) = 0 
for all pairs f, g of orthogonal eigenfunctions of K. Hence H must be a real 
function of K. In slightly more restrictive circumstances, e.g., if R is two- 
dimensional or if the eigenvalues of K are distinct and linearly independent 
over Z, the converse is also true; but to establish this converse one must 
examine more general w and A, and use the derivation property of 6. 
Therefore in these special cases locality and strong locality are distinct 
properties. 
Analysis of the weak locality condition is more difficult but one can 
conclude from examination of the states w, that if (g, Hf) # 0 for some 
fE 24 then there exist g, E R such that g, + g and (g,, Kf) # 0 or, 
equivalently, ker K c: ker H. 
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We finally remark that in many of the implications of Theorem 2.1 the r- 
invariance of 6 only plays a spurious role. Essential use of the invariance is 
made in the proof of the symmetry of L in Observation 2 where a common 
core g0 of 6 and 6, is constructed such that S,(aO) L aO. This is also the 
most significant point where the closedness of 6 is used. Invariance of 6 is 
essential for the generator property 4 in Theorem 2.1; e.g., if U = C,,(R), 
6, = d/dx and 6 =f(x)(d/dx) where fE C(lR), then 6 is strongly b,-local, but 
6 is not a generator if for example f has a zero where I/f is integrable (see 
Example 2.4). 
Summing up, the arguments for 3 3 2 3 1 > 3 in Theorem 2.1 also gives 
the following corollary. 
COROLLARY 2.6. Let ?l be a C*-algebra, t a strong& continuous one- 
parameter group of “-automorphisms of ‘u with inJnitesima1 generator 6,. 
Let /r’ be a *-subalgebra of r/(6,,) such that 6,(Q) G 9’. Let 6 be a 
symmetric derivation with (Y(6) = Y. Let, dO = W,(9) 21, identt& ‘11 with its 
universal representation, and denote the corresponding representation space 
by X. 
The following three conditions are equivalent: 
1. 6 is completelv strongly f&-local. 
2. a. 6 is globally JO-local. 
b. 6(A) 6,(B) = 6,(A) 6(B) for all A, B E 9. 
3. There exists a selfadjoint operator L on the subspace v of H. 
with the properties: 
a. 8” X is a core for L and 6(A) = L6,(A) for all A E I/. 
b. L.*;~,G.%. 
c. LB{ = BL< for all r E D(L), B E I?,, 
Non-invariant derivations 6 have recently been analyzed further, see 
[B-E-E, B-G-J 1. 
3. THE CIRCLE GROUP 
In this section we reconsider the generation problem for periodic T, i.e., 
t h r, is a representation of the circle group lr. It is known that if the 
derivation 6 commutes with the action t and also vanishes on the fixed point 
algebra ‘UT then it is a generator. Moreover in the universal representation of 
VI the action of 6 on the spectral subspaces W(n), n = 1, 2,..., is by 
multiplication with operators L(n), n = 1, 2,..., affiliated with the centre of 
the multiplier algebra of the ideal V’(n) 91T(n)* of ‘?I’. (Here and in the 
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sequel we use the notation, definitions, and results of [B-E] and the papers 
cited therein.) Our first observations concern the relation between the fixed 
point condition 8(V) = {0) and locality of 6 with respect to 6,. These 
relations can be established without the assumption that 6 commutes with r 
if one imposes suitable restrictions on D(6). 
We begin with a general result that indicates how locality implies the fixed 
point condition. 
PROPOSITION 3.1. Let r be an action of a compact group G on a C”- 
algebra ‘u. If 6; D(S) G ‘?I t-1 ‘8 is a linear operator such that 
w(d(A)” 6(A)) = 0 
for all A E U’ n D(6) and all r-invariant states w then 
d(%’ n D(6)) = (0). 
Proof If w is any state over ‘u then o 0 P, is a z-invariant state. Here P,, 
denotes the projection 
P, = 1. dg rK 
-c 
from ‘?I onto U’. But if A E 21’ f’D(S) then 
1.. dg o&@(A)* @A)) = QJ 0 P,(&A)* a(A)) 
-G 
=o 
by hypothesis. Thus it follows from positivity and continuity that 
4@(A)* W))) = 0 
for all states w and all g E G. Therefore 6(A) = 0. 
Next we consider converses for the case G = lr. 
PROPOSITION 3.2. Let r be an action of the circle group lI on a C*- 
algebra ‘11 and 6, the generator of t. Further let 6 be a norm-closed 
symmetric derivation of ‘u which commutes with 5. 
The following conditions are equivalent: 
1. WED(~) and WV = (01, 
2. w(&(A)* &(A)) = 0 
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implies 
w(6(A)” 6(A)) = 0 
for each A E D(6,) n D(S) and each t-invariant state w over X 
ProoJ 1 3 2. Let A,, E (u*(n) denote the Fourier components of A E U 
with respect to t and let w be a r-invariant state over Vl. Thus if A E D(S,,) 
one has 
4&(A)* 4,(A)) = 2 ~2~HV,,)~ 
But Condition 1 implies that 6 acts on VI’(n), in the universal representation, 
by multiplication with operators L(n) affiliated with the centre of 3”‘. 
Hence, with a slight abuse of notation, 
w(W)* &A)) =x 4(W)A,)* L(n)A,,) 
for A E D(6). It follows immediately from (4:) that w(d,,(A)* 6,(A)) = 0 if, 
and only if, w(A,*A,) = 0 for all n and this suffices by (:I:*), to imply that 
w(6(A) * 6(A)) = 0. 
2= 1. IfAE’U’nD(6) then &,(A)=0 and hencew(&A)*6(A))=O 
for each r-invariant state o. It follows from Proposition 3.1 that 6(A) = 0. 
But as 6 is closed and commutes with t the set %‘nD(s) is dense in 3’. 
Since 6(‘u’ n D(6)) = (0) it follows by closure that VI’ s D(S) and 
6(%‘) = (0). 
The foregoing result relies very little on the assumption that 6 commutes 
with t. Nor does it really require the derivation property; it is equally valid 
for dissipations. The next proposition gives a version of this result in this 
more general setting. 
PROPOSITION 3.3. Let r be an action of the circle group TT on a C*- 
algebra ZI and 6, the generator of r. Further let 6 be a norm-closed 
symmetric dissipation of ‘u and assume for each n that 
a. 2l'(n)nD(6) is norm-dense in W(n), 
b. 21T(n) ‘U’(n)* is norm-dense in 3’. 
The following conditions are equivalent: 
1. W&D(6) and ww = (0 1, 
2. w(J,(A)* 6,(A)) = 0 
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w(6(A) * 6(A)) = 0 
for each A in the linear span of the subspaces a?(n) f7 D(S) and each T- 
invariant state cu. 
Proof. 1 * 2. First, recall, e.g., by Lemma 1 of [B-J-K-R], that if 
C E D(S) and D E 2I” f7 D(8) then 
&CD) = 6(C) D, 6(DC) = D6(C), 
But if A, B E U’(n) f7 D(S) then BB*, B*A E ‘u’ n D(S) and hence 
6(~) B*A = ~(BB*A) = BB*~(A). 
Second, if A is a finite sum of elements A, E V(n) n D(S) then 
4dA 
and hence the condition 
4&D 
> =TinAn 
*&,(A))=0 
with w a r-invariant state is equivalent to 
2 n’co(A,* A,,) = 0. 
But by positivity this is equivalent to 
n(A,,) J-2 = 0 
for each n where (rc, Q) denotes the cyclic representation associated with o. 
Now by the first remark 
n(BB*) x@(A,)) i-2 = +@I)B*) z(A,J l2 = 0 
for all B E T(n) f7 D(S). But it follows from assumptions a and b that U 
has an approximate identity of the form 
E, =x B;(B*,)* 
m 
with B; E g’(n) f? D(S) ( see, for example, [B-E]). Therefore 
7c(6(A,)) B = lim E,x(&(A”)) l2 = 0 
a 
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2 * 1. This is a special case of Proposition 3.1. 
Another variant of Proposition 3.3 can be obtained by replacing 
assumption a with the stronger assumption 
a’. r,(D(6)) ED(S) for all t E T and t E T W ~(T,(A)) is continuous 
for each A E D(6). 
This condition allows one to make many of the standard estimates of Fourier 
analysis and in particular it implies that A E D(S) if, and only if, the Fourier 
components A, ED(a). If a is replaced by a’ one can then prove that 
Conditions 1 and 2 of Proposition 3.3 are equivalent to 
2’. 
implies 
w(&A)* 6(A)) = 0 
for each A E D(6,) n D(6) and each r-invariant state w over VI. 
Now we return to the consideration of derivations which commute with 
the action r of T. 
The next result establishes that with a spectral condition, complete strong 
locality of 6 with respect to 6, is equivalent to the fixed point condition 
@I’) = (0) together with a restriction on the operators L(n) associated 
with 6. 
PROPOSITION 3.4. Let z be an action of the circle group T on a C*- 
algebra U with generator 6, and let 6 be a norm closed symmetric derivation 
of ‘u commuting with t. Assume that u*(n) W(n)* = ‘LI’ for all n and that ‘11 
has an identity Il. 
The following conditions are equivalent: 
1. 6 is completely strongly b,-local. 
2. VI’ E D(6) and 6(‘u’) = {O}, and L(n) E a,, the centre of ‘u for 
all n. 
3. There is an operator L E B,n ‘11’ such that 6(A) = La(A) for all 
A E D(6,) n D(6). 
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Remark. The spectral condition a’(n) 21T(n)* = U’ ensures that 
‘IrT(n) E D(6) whenever &VI’) = (0) and hence the elements L(n) associated 
with 6 are bounded elements in -iTp(’ [B-E, B-J-K-R]. This simplifies the 
following proof but it is probably not an essential assumption. 
ProoJ 1 u 3. This is a special case of 1 ts- 4 in Theorem 2.1. This is 
because VI’(n) G 9,, whenever n # 0 and as A90 is an ideal in ‘u and 11 E 2l it 
follows from our assumptions that ,A?0 = ‘u. Thus 9 E .A?,, and 9,$P =,X, 
Hence, for example, D(L) =(9Y and L is a bounded operator in $,f? 3’. 
3 3 2. If A E ?I’ then 6,(A) = 0 and hence 6(A) =L6,(A) = 0. 
Moreover if A E 91T(n) then 6(A) = L6,(A) = inLA and hence 
L(n) = inL E 3, n U’. 
2 3 3. Since 6(2l’) = {O) the L(n) E P,, exist. By [B-J-K-R] there is 
for each B E -Zrsr a unique element o”(B) E P,, such that 
BA = Aa” 
for all A E 21T(n). But as L(n) E P, one has 
L(m) A = AL(m) 
for all A E ?lT(n) and it follows from the uniqueness of a”(L(m)) that 
u”(L(m)) = L(m). 
The derivation property of 6 then implies that 
L(n + m) = L(n) + a”(L(m)) = L(n) + L(m). 
Hence L(n) = nL(1) for all n, by iteration. If A E YIT(n) one then has 
-iL(l)&(A)=nL(l)A=L(n)A=6(A). 
Therefore setting L = - iL(1) one obtains 6(A) = LJ,(A) for all finite 
elements A. But this relation then extends to all A E 2I by closure. 
Finally if U is abelian we demonstrate that weak and strong &-locality of 
6 coincide for the circle group. 
THEOREM 3.5. Let 5 be an action of T on an abelian C-algebra 
Yl = C,(X) with generator 6, and let 6 be a closed derivation of 2l which 
commutes with r. 
The following conditions are equivalent: 
1. 6 is weakly b,-local, 
2. 6 is strongly S,-local, 
3. ‘UT G D(S) and @I’) = (0). 
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Proof. 1 + 3. Condition 1 states that supp S(f) c supp S,(f) for all 
fE g = D(S,) n D(S). But if fE %I’ n D(S) then fE g and S,(f) = 0. 
Therefore S(f) = 0. Now 2l’ n D(8) is dense in ‘u’ and hence ‘u’ 5 D(6) and 
@I’) = {0} by closure. 
3 3 2. Take x E X, the spectrum of ‘?I, and let w denote the unique z- 
invariant state over ‘?I supported by the orbit {S,x; t E T}, where S, is the 
homeomorphism of X corresponding to r,. Since 
for all fE D(6) the state w is d-invariant. Thus 6 lifts to a derivation in the 
representation associated with w. But in this representation 6 is a derivation 
commuting with rotation of T and hence it is a scalar multiple of the 
generator 6, of rotations, by an observation of Sakai. Thus for all x E Pa0 
(see Corollary 2.3) there is a scalar I(x) such that 6(f)(x) = l(x) 6,(f)(x) for 
all fE LZ. If x 65 Pa0 then 6,(f)(x) = 0 for f~ Y. Hence t tt (r,f)(x) is 
constant, i.e., 
ux(f) = Wx(~,(f)) 
for all fE B and t E R where o, denotes the pure state supported at x. 
Therefore 
W)(x) = ox) = ~x(W&f-1)) = 0. 
Thus setting f(x) = 0 for x 6Z %& one has 
w-)(x) = 0) &u-)(x) 
for all x E X and hence 6,(f)(x) = 0 implies 6(f)(x) = 0, i.e., 6 is strongly 
&-local. 
2 3 1. This was established in the general discussion of Section 1. 
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